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Abstract 


Suppose is a suitably admissible compact subset of hav¬ 
ing a smooth boundary with possible zones of zero curvature. Let 
i?(T, 9, x) = iV(T, 0, x) — T^yo\{D), where iV(T, 0, x) is the number of in¬ 
tegral lattice points contained in an ^-translation of T9{D), with T > 0 a 
dilation parameter and 9 G SO{k). Then R{T,9,x) can be regarded as a 
function with parameter T on the space (k), where (k) is the quotient 
of the direct Euclidean group by the subgroup of integral translations, and 
E^ (fc) has a normalized invariant measure which is the product of normal¬ 
ized measures on SO{k) and the /c-torus. We derive an integral estimate, 
valid for almost all (9, x) G £’+ (k), one consequence of which in two di¬ 
mensions is that for almost all {9, x) G E^ (2), a counterpart of the Hardy 
circle estimate (1/T) \R{t,9^ x) dt\ <C is valid with an improved 

estimate. We conclude with an account of hyperbolic versions for which, 
drawing on previous work of Hill and Parnovski CD, we give counterparts 
in all dimensions, for both the compact and non-compact finite volume cases. 

Define N{T) to be the number of integral lattice points in which are at 
distance < T from the origin. Then the study of the so-called remainder term 
N (T) — ttT^, the difference of N (T) from the area of a disk of radius T, has been 
pursued for many decades. Various ways of measuring the size, for large T, of 
R{T) have been investigated, for example, asymptotic estimates for R{T) itself, 
as well as estimates on various averages, for instance. 



There are also corresponding results when the center is allowed to shift, and be¬ 
come a new parameter in the definition of R (cf. [2j, fSl, ifTSl .l. We note that it 
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was usual in the older literature to replace T by y/T in the definitions of N (T) and 
R{T), since then N (T) counts the number of ordered pairs (rei, 712 ) in Z x Z with 
nf + nl < T. The definition with T in place of y/T is generally more usual if one 
regards the question geometrically, as arising from dilations of a fixed body D (in 
fhis case fhe closed unif disk around fhe origin). 

Expressed wifh fhe y/T scaling, an imporfanf resulf of fhe averaging fype was 
obfained by Hardy in f91, in which he showed fhaf for any e > 0, 



a resulf which was subsequenfly refined by Cramer, in f;61, wifh lafer improvemenfs 
over time by numerous aufhors. 

Hardy, af fhe beginning of f91, wrofe fhaf if is “nof unlikely” fhaf for any e > 0, 


R{T) < . 


This esfimafe has nof yef been confirmed or refufed, alfhough Hardy’s average 
resulf is suggesfive of ifs possible frufh. 

The originafing question has led fo numerous fruitful areas of invesfigafion, 
e.g., fhe asymplofic sfudy of fhe laffice poinf counf in dilafions of a given general 
domain in Euclidean space or fhe asymptotics of fhe counf, wifhin a dilaf- 
ing ball in hyperbolic /c-space H^, of elemenfs of fhe orbif{ 7 (x)} (7 G T) of a 
poinf under fhe action of a discontinuous group T. We nofe fhaf fhe Euclidean 
quesfion can be direcfly relafed fo counting fhe number of eigenvalues < T for 
differenfial operators on fhe infegral fc-forus, i.e., fhe quofienf of by Eor 
example, if P{xi, ..., Xk) is a real polynomial which is homogeneous of degree 
h and positive excepf af fhe origin, fhe operafor ■ ■ ■, has eigenvalues 

P((27rmi,..., 27rmfc) = (27rf)^P((ni,..., Uk) for (ni,..., Uk) G Z*^, and so up 
fo a real facfor (by positivity of P, h musf be even), one is counting fhe number 
of lattice poinfs in dilates by of fhe domain defined by P{xi, ..., Xk) < 1, 
wifh fhe convenfion fhaf we counf eigenvalues of fhe negative of fhe operafor when 
4 does nof divide h. 

There are counferparfs for general Riemannian manifolds of fhe eigenvalue 
asymplofic question. To lake an example, suppose 5 is a compacf Riemann sur¬ 
face of genus greafer fhan 1 and consfanl curvalure —1, and 0 = Aq < Ai < A 2 • • • 
is fhe sequence of eigenvalues for fhe problem A/ + A/ = 0 on 5. By fhe 
Weyl asymptotic law, if N{T) is fhe corresponding eigenvalue counf in [0,T], 
N{T) = {A/A'k)T + R{T), where A is fhe area of fhe surface, and fhe remainder 
R{T) is o(T). This general estimate on R{T) can be considerably improved (cf. 


2 


nni, EU), and, as in the case of the circle problem, examination of the analy¬ 
sis makes it tempting to believe that R{T) <C for any e > 0. It has been 

shown in arithmetic cases (cf. iflOl ) that the \ in this estimate cannot be reduced. I 
have not been able to establish or refute the estimate, but in Il32l was able to estab¬ 
lish its almost everywhere validity for a closely related version of the eigenvalue 
remainder problem, in which the eigenfunctions figure in the count. 

Intrigued by this result, LaPointe, Polterovich, and Safarov in |[25l subse¬ 
quently obtained several interesting results of this type in a general Riemannian 
context. 

After this brief introduction to the general background and context for the re¬ 
sults of this paper, we return to the theme of asymptotic estimates for lattice point 
counts in dilating bodies in M^, in particular, to considerations in which rotations 
as well as shifts are taken into account. The inclusion of rotations becomes nec¬ 
essary in the presence of zones of zero curvature on dD, because the asymptotics 
in this case can be exquisitely sensitive to the rotational orientation of D, and lat¬ 
tice point asymptotics in the zero curvature case can sharply differ from those in 
the positive curvature case (cf. ll26]| . 1271 ). An important example where vanishing 
curvature can play a role arises in the case of positive homogeneous forms that are 
not quadratic, for example, + ■ ■ ■ with m > 1. 

Accordingly, we will now examine the lattice point count corresponding to 
dilations of a rotation 9{D) of the body D, with 6 G SO{k). 

Since the integral lattice point count over T9{D) is clearly unaffected by inte¬ 
gral translations, it can be naturally regarded as a parametrized function N (T, 9, x) 
on the integral torus T^, with x G T^. 

The Poisson summation formula is true in this context as a statement in L^(T^), 
and shows that in L^(T^), 

N{T,9,x) = Y,XT{9-\n))e^<^’^\ 

n 

where xt is the Fourier transform of the indicator function xt of TD, and the 
summation is over Z^. Since XT{9~^{n)) = T^x{T9~^{n)), with x = Xi^ 
x(0) = vol(i7), we thus find that in L^(T^), the remainder term, R{T,9,x) = 
N{T, 9, x) - T\o\{D) equals 

x{T9-\n))e^^^^'^^ , 

where the prime indicates that the origin is omitted from the sum. 

At this point, we briefly review some results which establish comparison the¬ 
orems between the decay of the Fourier transform of the indicator function of a 
compact domain D in and the decay of the Fourier transform of the indicator 
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function of a ball. Of particular interest, if dD is adequately smooth, are examples 
having zones of zero curvature on dD. We begin with an early pointwise estimate, 
stronger than required for the specific purposes of this paper, but applicable to some 
situations to which the later L? averaging estimates are not. It was motivated by 
questions arising from the study of representations by positive forms. 

Lemma A ( II28I . H29I ). Suppose D is a body in satisfying 

If k = 2: dD is of class for some integer n > 1, and the Gaussian curvature 

of dD is nonzero at all points of dD, with the possible exception of a finite 
set, at each point of which the tangent line has contact of order < n. 

If k >3: D is convex and dD is real analytic. 


Let x(r, (j)) he the Fourier transform, in polar coordinates of the indicator func¬ 
tion of D. Then 

\xir, (j))\ < , 

where 'I' G LP{S^~^), for some (in principle computable) p > 2. As a pointwise 
estimate about numbers, this is of course to be interpreted as valid for almost all 

4) G s^-^. 

In other words, the Fourier transform of a body in either of the above classes 
decays like that of a ball, up to multiplication by an LP function on the sphere, with 
p > 2. Note that this result implies the weaker corollary that for some p > 2, 



\x{r,(f))\^ dcj)r . 


Remark. The real analyticity can be relaxed, as Svennson, following a sug¬ 
gestion of Hormander, showed by extending the above result to the category, 
with an additional hypothesis about the absence of tangent lines having infinite 
contact order with dD Il34l . but I do not know the current extent to which the 
convexity and contact requirements can be relaxed for this type of pointwise result 
(the possibility that convexity might be inessential was suggested in ||29| ). Both re¬ 
quirements can be eliminated for some averaging results (see below), for which 
a good recent reference and bibliography is ifTSl . 

As noted above, for results of averaging type, more general types of do¬ 
mains can be handled. We now describe such a result, valid for C°° boundaries 
without a convexity or contact condition, which arose from a conjecture Arnold 
put forward in his seminar during the course of expositions of Lemma A and a 
later result of Colin de Verdiere llTTl . and which was established in final form by 
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Varchenko. The removal of the convexity requirement in the resulting averaging 
theorem unrestrictedly extends the applicability of the results of the present paper 
to all positive homogeneous forms. 


Lemma B ( II35L II36I1 1. Suppose D is compact in with C°° boundary. 
Then 





Later, Brandolini, Hofmann, and losevich, as part of an ongoing program to 
explore the maximum generality of such averaging results, established the above 
estimate for general bounded convex domains in M^, and for domains without 
the convexity restriction, but satisfying a smoothness hypothesis. 


Lemma C (||3l). IfDis convex, or of class with no convexity hypothesis, 


then 


[ d4> <^r 


We are now ready to establish the following theorem, taking normalized Haar 
measure on SO{k) and on T^, and the invariant product measure on the space of 
pairs (k) = {6, x), which is the quotient of the direct Euclidean group by the 
subgroup of integral translations. 

Theorem 1. Suppose f{t) > 0 is differentiable and non-increasing on [a, oo), 
with a > 0 and f{t)/tdt < oo, and assume that D is a body in of a type 
described in the lemmas. Then for almost all (0, x), 

i £ m, 9, x)| dt « t("-i)/2(/(T))-V2 , 

where the implied constant in the inequality depends on the particular choice of 9 
and X. 

Corollary. (Counterpart of Hardy’s theorem). For almost all (9, x) and for 
any e > 0, 

(Take f(t) = 

Remark. If we scale by instead of by T, being the scaling used 
by Hardy in his treatment of the circle case, the estimate on the right becomes 
which for A: = 2 corresponds to the Hardy estimate 

It is obvious from the theorem that stronger results are true. For example. 
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Corollary. For almost all {6, x) and any e > 0, 

^ J2 

(take f{t) = t). 

Proof of Theorem 1. As we have seen, in L^(T^), 

R{T, e, x) = mO-\n)) , 

so the result of integrating |i?(T, 0, x)p over the torus is 

r2^^'|x(r0-i(n))|2. 

Now invoking the dimensionally appropriate estimate and noting that \T6~^{n)\ 
T\n\, we see that this quantity can be bounded by 


where T' E and n^j, is the spherical component of n. 

Integrating over SO{k), noting that the result is the same as integrating |'I'p 
over the measure-normalized sphere, and that the series in the resulting estimate 
converges absolutely, we find that 



\R{T,e,x)\^ dx<.T^-^. 


We next remark that throughout what follows, the dependency on parameters 
of constants that will be associated with various estimates will not be explicitly 
mentioned, but should be clear from context. Bearing this in mind, note that the 
last estimate implies that 

t-^f(t)dt f de 
Jso{k) 


Ijk 


\R{t, 9, x)\‘^ dx < C, 



for some C > 0. 

Now, as in 1321, we note that by Fubini’s theorem, the integral in the t vari¬ 
able is finite for almost all (9,x) € E^{k), which implies that for almost all 

{9,x)eE+{k), 



t ^ f{t)\R{t,9,x)\‘^ dt 1. 
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Define 


Ri{T,e,x)= f \R{t,e,x)\'^dt. 

J a 

Then, integrating by parts, and noting that i?i(a, 0, x) = 0, 


1 > 


[ t '"fit)\Rit,0,x)\‘^dt 

J a 


-^f{T)Ri{T, 9, x) + - t-’^f'it))Riit, 9, x) 

J a 


dt. 


The second term in the last expression is non-negative since f'{t) < 0, which 
implies that 


r-V(r)i?i(T,0,x)« 1, 

so 

fT 

Ri{T,9,x)= / \R{t,9,x)\‘^dt<€.T^{fiT))-K 

J a 

This in turn implies by the Schwartz inequality, since \R{t,9,x)\ = 

1 X \R(t, 9, x)\, that 

rT 

/ \R{t, 9, X)\dt<. rV2r^/2(J(2^))-l/2 ^ ^ 

J a 

so for almost all (0, x) G E'^(k), 

i £\Rit,9,x)\dt « r("-i)/2(/(T))-V2 . □ 

Remark. It can be shown by, for example, adapting the stationary phase ar¬ 
gument used to derive an D-estimate in 1261, that in the presence of zero curvature, 
the almost everywhere estimate of the theorem can fail for specific values of {9, x). 

We continue with a description of counterparts of these results in the hyperbolic 
case, for which the analytically natural dilating object is a ball (the Selberg theory, 
which furnishes the applicable method, deals with point-pair invariants, which are 
functions of distance). With this in mind, the goal is to first formulate a suitable 
hyperbolic analogue to the result in Kendall’s foundational paper ITSl on variance 
of the lattice point count over shifted ovals. The formulation we will first consider 
is one in which T is a torsion-free co-compact group acting on hyperbolic A:-space 

with the role of lattice points played by the T-orbit of a point y in H^, the 
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aim being to obtain a Hardy-type integral estimate for the lattice point count of 
T-dilates of a unit ball with center x, valid for almost all (x, y) £ S x S, where S 
is the compact hyperbolic manifold of constant curvature — 1 and volume V that is 
the quotient of by F. Other questions of this type have been been considered 
by several authors, e.g., ifTTI . IfT^ . |[T 6 l . Il23l . i 2 ^ . ||33], ||38l. A discussion of 
a version in which y is fixed but x varies and the variance over the x variable is 
studied can be found in ifTTI . the latter formulation being more suited to the non¬ 
compact case, since in that case the lattice point count is not in L^(5 x S), as 
is noted in IHH and ll^ . We remark for later use that our general technique for 
deriving a.e. integral estimates is applicable to the results in lOTl . We also remark 
that the study of variance removes a barrier to the known accuracy of estimates in 
T that are valid for specific poinfs in S' x S, fhe analysis of which may nol include 
possible confribufions from small eigenvalues near {{k — l)/ 2 )^ (cf. ifT^ . 1231, 

my 

As fhe lasf senfence suggesfs, fhe resulfs of fhe analysis depend very much on 
whefher or nol S has small eigenvalues, i.e., on whelher or nof Ihere are eigenval¬ 
ues in (0, {{k — l)/2)^) for fhe problem A/ + Xf = 0 on S. If is known lhal 
any compacf hyperbolic manifold wilh non-vanishing firsl Belli number has finife 
covers for which fhey are presenl, as close fo 0 as desired, and in numbers lhal 
can be made arbilrarily large by passage lo sufhcienlly deep covers (cf. lH, l30l . 
1331). All compacf hyperbolic surfaces salisfy fhe Belli number condilion, and 
Millson If20l has demonslraled fhe existence of examples wilh non-vanishing firsl 
Belli number in all dimensions > 3. In parlicular, all hyperbolic compacl Riemann 
surfaces have finite covers wilh small eigenvalues, Ihe number of which is, how¬ 
ever, always bounded by 2g — 3, where g is Ihe genus of Ihe surface 1221 . allhough 
il is possible lhal such eigenvalues do nol occur for cerlain arilhmelic surfaces. For 
inslance, il is known in some cases lhal none are presenl in intervals of Ihe form 
(a, |), wilh a < i dependenl on Ihe surfaces being sludied (cf., for example, HU), 
bul a very general resull of Ihis lype lhal completely excludes (0, |) has nol been 
eslablished. 

We will begin wilh a quick analysis of Ihe illuslralive example of since 
Ihe general ideas and techniques are exceplionally easy lo follow in lhal case. In 
parlicular, Ihe required Iransforms lake a very simple form Ihere and are explicilly 
given on p. 280 of |[33l . We will afterwards discuss Ihe general case, as well as Ihe 
previously menlioned varianl of Ihe problem lhal is applicable lo Ihe non-compacl 
finite volume case. We note lhal Ihere is an inconsequenlial misprinl on p. 280 
of |[3^ . on line 13 from Ihe lop, where whal should be 0(r“^e(t)) is mislakenly 
printed as 0{r~^e{t)). 

Suppose now lhal F is as above, and lhal N{T, x, y) is Ihe number of poinls 
of Ihe form 77 / (7 G F, y G H^) conlained in Ihe closed hyperbolic ball of radius 


T centered at X G This can clearly be regarded as a function on S' x S', 
and in order to reproduce our previous argument we need an expression for the 
integral over 5 x 5 of a suitable quantity related to N{T, x, y). The Selberg pre¬ 
trace formula is well adapted to this situation, and as mentioned, the necessary 
analysis is carried out in ||33l. In general, in H^, the pre-trace formula tells us that 
in L2(5 X S), 

OO 

x,y) = '^ hT{rn)iPn{x)<Pniy), 

n=0 

where hrir) denotes the Selberg transform of the point-pair invariant correspond¬ 
ing to the indicator function of a ball of radius T. Here, as usual for general k, the 
r„’s are related to the eigenvalues by = (An — ((k — l)/2))^)^/^ and the (pn’s 
are corresponding orthonormal eigenfunctions of the Laplace operator on S. This 
correspondence produces two Vn’s for each eigenvalue, counting the at 0 with 
multiplicity 2 if it is present. In order to ensure a 1 — 1 correspondence between 
eigenvalues and r„’s, we will only count those r„’s that lie on the union of (0, oo) 
with the closed segment of the imaginary axis from the origin to ((A: — l)/2)z, and 
count the at 0 once if it is present. The r„’s on this segment of the imaginary 
axis correspond to small eigenvalues, augmented by the eigenvalue at((A; — l)/2)^ 
if present, which corresponds to = 0, together with the eigenvalue Aq = 0, 
which corresponds to rg = ((k — l)/2)i. For purposes of this paper, we will call 
all such eigenvalues special eigenvalues. 

The above series for -/V(T, x, y) in L‘^(S x S) contains a finite number of ex¬ 
plicit terms coming from Selberg transforms corresponding to special eigenvalues, 
and infinitely many coming from the remaining eigenvalues corresponding to r^’s 
on the real axis minus the origin. I.e., in x S), we can rewrite our previous 
identity as 

N oo 

N{T, X,y) - hT{rn)^n(x)iPn(y) = ^ hT{rn)<Pn(x)iPn(y) , 

n=0 n=N+l 

where the sum on the left side is the contribution to the pre-trace formula from the 
special eigenvalues. Note that ¥5o(-) = so 

hT{ro)ipo(x)ipo{y) = V~^hT{ro) , 

and since it can be shown that hriro) = Bk{T), where Bj.{T) is the volume of a 
ball of radius T in we can further rewrite the identity as 

N oo 

N(T, X, y) - B{T)/V - ^ hT{rn)y^n(x)(Pn{y) = ^ hTirn)^n(x)(Pn{y) ■ 

n=l n=N+l 
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As mentioned, the description of the Selberg transform /i'r(r) is particularly 
simple for and is as follows: 

1. For all r except 0 and i, 

hT{r) = (47r/r(l + ))(coshTsinrT — rsinhTcosrT). 

2. hT{i) = '7rsinh2T — 2ttT = B^{T). 

3. /it( 0) = 47r(Tcoshr — sinhT). 

The following lemma is now a consequence of these facts, and can be inferred 
from either Parseval’s theorem or Weyl’s law for the specifically, in the case 
of the latter, the consequence that 

OO 

^ < OO. 

n=7V+l 


Lemma. Define, in L‘^{S x S), 

N{T,x,y) = N{T,x,y) - B^{T)/V 
-{hT{ri)ipi{x)Lpi{y) H-h hT{rN)<fN{x)y^N{y)) 

CO 

= ^ hT{rn)y^n{x)(pn{y) • 

n=N-\-l 

Then 

« CO 

/ \N{T,x,y)\‘^dxdy = V , 

This estimate is employed exactly as in the treatment of the Euclidean case. 
Namely, we integrate it from a to oo over the dilation parameter, using a measure 
suitably weighted to produce integrability, and then invoke a variant of the Fubini- 
Tonelli theorem to ultimately derive the local property of integrability from a to 
oo in the dilation parameter, valid for almost all points in the base space 5x5, 
and consequently boundedness, for almost any point in the base space, of the inte¬ 
grals from a to T, where the bound depends on the point in the base space. This 
leads to an Hardy-type result, which is then converted to an result via the 
Schwartz inequality. This technique, which was used for a similar purpose in Il32ll . 
and has undoubtedly been employed multiple times in various guises, is probably 
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applicable to a wide variety of genericity questions in probabilistic number theory 
and other areas. 

Remark. The last estimate can be supplemented with an estimate from below. 
In more detail, since for r - {0}, 

hT{r) = (47r/r(l + r^))(coshrsinrT — r sinhTcos rT), 

it follows that 


p oo 

/ \N{T,x,y)e~'^\‘^dxdy = ^ \e~'^hT{rn)\ 

n=N+l 


can be written in the form T'(T)+<I>(f), where 'I'(T), a uniform limit of generalized 
trigonometric polynomials, is a non-vanishing Bohr almost periodic function, and 
<h(T) <C In particular therefore. 


or 


f \N{T,x,y)e '^\‘^dxdy = Q{1), 

JsxS 

[ \N{T,x,y)\'^dxdy = n{e^^). 
JSxS 


This said, we return to the statement of our conclusion in the 3-dimensional 
hyperbolic case, and as noted, since the derivation is methodologically identical 
to that of the already discussed counterparts in the Euclidean case, we will simply 
state the result: 

Theorem 2. If f{t) > 0 is differentiable, non-increasing, and integrable on 
[a, oo), then for almost all (x, y) € S x S, 

i £\N{t, X, y)\dt « e^(r/(r))-i/2 . 

For example, taking f{t) =t~^ log“^^“'“'^^ t, we obtain, for almost all (x, y) G SxS, 
the estimate 

\N{t,x,y)\ dt <C e^log^’''^r, 

for any e > 0. 



We conclude with a brief account of the situation in general dimension, for 
which the results in the paper ITTll of Hill and Pamovski are very useful. 
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As already mentioned, Hill and Pamovski analyze a formulation in which x, the 
center of the ball, varies, but y, whose orbit determines the lattice points, is fixed, 
and they study the variance of N{T, x, y), taken over the x variable. As we have 
also mentioned, in their version, the variance remains finite in the non-compact fi¬ 
nite volume case, since then the integration is taken over S, rather than over S x S, 
and y is thereby constrained from excursions which would otherwise lead to an 
infinite square integral. Consequently, they discuss the non-compact as well as 
the compact case, and in the non-compact case, the contribution from the contin¬ 
uous, as well as that from the discrete spectrum must be considered. The Selberg 
transform plays a role in both cases, which they analyze in terms of the Gaussian 
hypergeometric function 2-^1 (o, b] c; z), an approach which was introduced in this 
context in a startlingly prescient paper by Delsarte fT] and later used, among oth¬ 
ers, by Levitan ifTTl . We note that in his 1942 announcement, Delsarte gave what 
would now be called the Selberg transform for the important case of the indicator 
function of a ball of radius T in H^. In that announcement, he also explicitly iden¬ 
tified fhe imporfance of small eigenvalues for fhe asymptotics of N{T,x,y), and 
specifically raised fhe question of fheir possible exisfence. His shorf Comptes Ren- 
dus announcemenf ||71 does nof confain all his defailed derivafions of fhese resulfs, 
buf fhey are presenf in in his complefe works I'Si]. 

We now recall fhe required resulfs from IfTTl . which are somewhaf infricafe fo 
sfafe, and for which we require some preliminary definifions from IfTTl . Since fhe 
nofafion of fhis paper differs in a few particulars from fhaf of IfTTl . we have, in 
sfafing whaf is required, made small necessary adjusfmenfs fo bring fhe nofafion 
info conformify wifh fhaf of fhis paper. 

Definitions: 

D = {k-l)/2. 

2. Sj is one of fhe fwo roofs of Aj = Sj{k — 1 — Sj), all of which are presenf 
on fhe union of fhe real segmenf [0, k — 1] and fhe line Re(s) = D. For 
definifeness, we will fake fhe s/s fo lie on fhe union of [D, k — 1] and fhe 
half-line defined by Re(s) = D, Im(s) > 0. Nofe fhaf fhe definition of fhe 
Sj’s differs slighfly from fhe Selberg convention for fhe r^’s, for which fhe 
Sj’s are counferparfs in IfTTl . and fhaf r and s are relafed by: s = —ir + D. 


3. w{s) = 7r^r(s - D)/r{s + 1). 


4. 



0<n<s—D 



{k - s)n{D + l)n ^ 
{D - S + l)n n\ 
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where (x)„ is a Pochhammer symbol, defined, for n = 0, by (a:)o = 1, and 
for n > 1, by {x)n = x{x + 1) • • • (x + n — 1). 

“ {s - D)T{s + l)T{k - s) 
if s — D G Z, and is 0 otherwise. 


6. 


if k is odd, and is 


if k is even. 


(fc-l)/2 

- E 7 


i=i 


J 


log 4 — 


( fc - 2)/2 

E 


j=0 


2 

2jTT 


Theorem A (Hill and Parnovski. Theorem 1 of fUl). 

Assume S compact and k-dimensional, with k > A. Then 

[\{N{T,x,y)-BkiT)/V\‘^dx= 4 (e-'Tl<Pi(y)l 

j:0<Xj<D2 

_ _ A—k—1 

j:0<Aj<02 ^ ’ j:Xj=D'^ 

+0 . 

If k equals 2 or 3, this specializes to 

[\{N{T,x,y)-Bk{T)/V\^dx= Y1 

^ j-.Xj=D^ 

In all cases, the implied constant in the 0-term depends on T. 


i)r 
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Theorem B (Hill and Pamovski. Theorem 2 of HU). 

Denote, depending on the dimension, the expression on the right side of the last 
equality, except for the O term, by H{T, y). Assume S non-compact, of 

finite volume, and k-dimensional. Then, for fixed y, 

J^\{N{T,x,y) - Bk{,T)/V\Ux = H{T,y) + 

where \£{y, D)\ is the Euclidean norm of the vector of the normalized Eisenstein 
series corresponding to the cusps of S, evaluated at {y, D). The implied constant 
in the O-term depends on y and T. 

In view of Theorems A and B, bearing in mind that they describe asymptotic 
behavior for large T, it is natural, as before, to subtract the corresponding prin¬ 
cipal asymptotics from the Fourier expansion of N{T, x, y), and to introduce a 
function iV(T, x, y), defined separately for the compact and non-compact cases, to 
asymptotically represent the Fourier expansion of the remainder when T is large. 
Depending on circumstances, the definitions will be valid for L‘^{S) or L‘^{S x S). 

Beginning with the definition for the compact case, for which we will initially 
take the context to be L‘^{S x S), and assuming k > 4, set, for large T, 


+0 (e 


N{T,x,y)=N{T,x,y)-BkiT)/V 

- + ^ pj{x)pj{y) 

j:0<\j<D^ 


27r(^-i)/2 

r(D + i) 


j:\j=D^ 


Remark.F or sj in the applicable range and large T, the quantity in brackets 
above is positive, and the positive square root is taken in the definition. 

If /c is 2 or 3, set 


N{T,x,y) = N{T,x,y)-Bk{T)/V 

- w{sj)e^i'^ipj{x)pj{y) 

j:0<Xj<D^ 
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To facilitate the definition of N{T,x,y) in the non-compact case, we will in 
all cases denote by H (T, x, y) the quantity subtracted from N (T, x, y) on the right 
sides of the equations defining N{T, x, y), bearing in mind that y is held fixed in 
the non-compact case, and that for fixed T and y, N (T, x, y) is piecewise constant 
and of compact support on S. 

Specifically, in the non-compact case, we set 

N{T, X, y) = N{T, x, y) - H{T, x, y) - C{T, x, y ), 

where the new term C{T, x, y) arises from the role played by Eisenstein series in 
the spectral analysis of S for this case. For the purposes of this paper, we will 
only define C{T, x, y), but it originates from considerations which arise from The¬ 
orem B and the literature on Eisenstein series, to which we refer the reader seeking 
further details (cf., for example, IfT^ . ETI i. 

In order to define C{T, x, y), we recall that for suitable functions /(x) on S, 
the Fourier-Eisenstein transform corresponding to a cusp is defined by 

f{D + it)= / f{x)£j{x,D + it)dx, 

Js 

where £j{x,s) is the normalized Eisenstein series associated to the cusp. The 
domain of / is the line D + it (—00 < t < 00 ) in the complex plane, which, in the 
previously described parametrization by s of eigenvalues, corresponds to X > D. 
By the general theory, the continuous spectrum associated to such a cusp lies on 
this line, and the projection of / on the orthocomplement in L?‘{S) of the subspace 
spanned by eigenfunctions corresponding to the discrete spectrum is given by the 
sum of the inverse transforms 

^ poo 

— / f{D + it)£j{x,D + it)dt. 

j J — 00 

Now, regarding y and T as constants, so that N can be considered as a function of 
D + it, we define 

1 _^ poo 

C(T,x,y) = —/ N{D + it)£j{x, D + it) dt. 

dvr ^ J_^ 

With the preceding definitions, examination of the square of the norm of 
N{T, X, y) now brings Theorem B into play. We remark that the Eisenstein term 
in Theorem B derives from an analysis of a dominating contribution, for fixed y, to 
the T asymptotics of the square of the norm of N (cf. Theorem 4 of HI])). 
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This said, it now follows from Theorems A and B (expand the integrand on the 
left in the statements of those theorems) that in both the compact and non-compact 
cases, 

with the previously described dependencies of the implied constants. 

Note, as is mentioned in ifTTl . that in the compact case, in which we can simul¬ 
taneously vary x and y, we can further integrate this with respect to y, to deduce 
that in the compact case, we also have 

f \N{T,x,y)\^dxdy = 0(^e^’^-^^^) . 

With these preparatory facts in hand, we can now state various Hardy-type inte¬ 
gral estimates for the hyperbolic case. Their derivation exactly follows the already 
described method, so we will content ourselves with statements of the conclusions. 

Theorem 3. Suppose that S is compact, and that f{t) >0 is differentiable, 
non-increasing, and integrable on [a, oo). Then for almost all (x,y) G S x S, 

i £\Nit, X, y)\dt « e5("-i)^(r/(T))-V2 . 

For example, taking f{t) =t~^ log”^^"'''^^ t, we obtain, for almost all (x, y) G SxS, 
the estimate 

\N{t, X, y)| df < logH^ T , 

for any e > 0. 

Theorem 4. Suppose that S is either compact, or non-compact with finite 
volume, and that f{t) > 0 is differentiable, non-increasing, and integrable on 
[a, oo). Then, assuming y fixed, for almost all x G S, 

i £\N{t, X, y)\dt « . 

For example, taking f{t) = log“^^“'“^^ t, we obtain, for almost all x G S, the 

estimate 

\N{t, X, y)| df < logl+^ T , 

for any e > 0. 

Remark. For k = 2, this accords well, up to the logarithmic factor introduced 
by our methodology, with the numerical results described in l[24l . 
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